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Abstract: A special function is a function that is typically entitled after an early scientist who studied
its features and has a specific application in mathematical physics or another area of mathematics.
There are a few significant examples, including the hypergeometric function and its unique species.
These types of special functions are generalized by fractional calculus, fractal, q-calculus, (q, p)-
calculus and k-calculus. By engaging the notion of q-fractional calculus (QFC), we investigate the
geometric properties of the generalized Prabhakar fractional differential operator in the open unit disk
∇ := {ξ ∈ C : |ξ| < 1}. Consequently, we insert the generalized operator in a special class of analytic
functions. Our methodology is indicated by the usage of differential subordination and superordina-
tion theory. Accordingly, numerous fractional differential inequalities are organized. Additionally, as
an application, we study the solution of special kinds of q–fractional differential equation.

Keywords: quantum calculus; fractional calculus; fractional differential equation; analytic function;
subordination and superordination; univalent function; fractional differential operator

1. Introduction

The quantum fractional calculus (QFC, q-fractional calculus or Jackson calculus [1])
is an extension of the well-known fractional calculus. It has had applications in the inves-
tigation of the special functions, where it shows a central role to develop what is called
the quantum groups [2]. As a result, it is established in the form of the Fock–Bargmann
joining the theory of holomorphic functions [3]. Newly, the utilization of QFC covers the
exacting solution for measurement systems and their presentation [4,5]. Moreover, QFC is
operated in numerous complex physical systems, which can be selected in [6]. Temporarily
special functions have good results in mathematical physics; therefore, it is a practical to
imagine the ordinary special functions given by the new QFC. Likewise, the credit of the
thermodynamics of QFC can be computed by the usage of QFC, where the structure of
thermodynamics is conserved if one employed a suitable Jackson derivative instead of the
normal thermodynamic derivative. Other applications can be located for the studies in
optimization, control system, transform investigation, resolutions of the difference and
fractional integral inequalities. In geometric function theory, researchers have formulated
different classes of analytic functions using QFC. Recently, some fractional operators were
generalized by assuming QFC. Recently, Hadid et al. [7] developed an expanded class of
multivalent functions geometrically on the open unit disk using the QFC paradigm. In the
framework of the quantum wavelet, Sabrine et al. [8] utilized the basis of quantum wavelets
to present a novel uncertainty principle for the extended q-Bessel wavelet transform. Al-
dawish and Ibrahim [9] formulated a quantum symmetric differential operator and used
it to investigate the geometric of some classes of analytic functions in a complex domain.
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In this work, we carry on the investigation to explore some properties of the Prabhakar
fractional differential operator [10,11] via the QFC.

We study the geometric characteristics of the generalized Prabhakar fractional differ-
ential operator in the open unit disk by using the concept of q–fractional calculus (QFC). In
light of this, we introduce the generalized operator into a unique class of analytic functions.
The use of differential subordination and superordination theories offers a clue to our ap-
proach. As a result, several fractional differential inequalities are categorized. In addition,
as an application, we look at several types of solutions to q–fractional differential equations.

2. Fractional Operators

The Prabhakar integral operator acts on a normalized class of the analytic functions

h(ξ) ∈ H[0, n] = {h ∈ ∇ : h(ξ) = h1ξn + h2ξn+1 + . . .},

as follows: [12–18] (
Pγ,κ

α,β h
)
(ξ) =

∫ ξ

0
(ξ − τ)β−1Ξγ

α,β[κ(ξ − τ)α]h(τ)dτ

= (h · $γ,κ
α,β)(ξ),

(1)

(
α, β, γ, κ ∈ C, ξ ∈ ∇,<(α),<(β) > 0

)
such that [13]

$
γ,κ
α,β(ξ) := ξβ−1Ξγ

α,β(κξα)

where

Ξγ
α,β(ξ) =

∞

∑
n=0

Γ(γ + n)
Γ(γ)Γ(αn + β)

ξn

n!
.

As a practicing, for h(ξ) = ξε−1, we have [19]—Corollary 2.3

Pγ,κ
α,β ξε−1 =

∫ ξ

0
(ξ − τ)β−1Ξγ

α,β[κ(ξ − τ)α](τε−1)dτ

= Γ(ε)ξβ+ε−1Ξγ
α,β+ε(κξα).

Analogically, Prabhakar derivative is indicated by [11](
Dγ,κ

α,βh
)
(ξ) =

dm

dξm

(
P−γ,κ

α, m−βh(ξ)
)

, ξ ∈ ∇. (2)

In view of the Caputo fractional operator, it is formulated as follows:

C
mD

γ,κ
α,βh(ξ) =

∫ ξ

0
(ξ − ζ)m−β−1Ξ−γ

α,m−β[κ(ξ − ζ)α]

(
dm

dζm h(ξ)
)

dζ. (3)

= P−γ,κ
α,m−β

(
dm

dξm h(ξ)
)

.

Note that

C
mD

γ,κ
α,βh(ξ) = Dγ,κ

α,βh(ξ)−
m−1

∑
k=0

ξk−βΞ−γ
α,k−β[κξα]h(k)(0).
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For instance, if we consider h(ξ) = ξλ, λ ≥ 1, then by [19]—Corollary 2.3, we obtain

C
1D

γ,κ
α,β(ξ

λ) =
∫ ξ

0
(ξ − ζ)1−β−1Ξ−γ

α,1−β[κ(ξ − ζ)α]

(
d

dζ
h(ζ)

)
dζ

:=
∫ ξ

0
(ξ − ζ)µ−1Ξ−γ

α,µ [κ(ξ − ζ)α]

(
d

dζ
(ζλ)

)
dζ

= λ
∫ ξ

0
ζλ−1(ξ − ζ)µ−1Ξ−γ

α,µ [κ(ξ − ζ)α]dζ

= Γ(λ + 1)ξµ+λ−1Ξ−γ
α,µ+ε[κ ξα], µ := 1− β.

Generally, we obtain

C
mD

γ,κ
α,β(ξ

λ) =
∫ ξ

0
(ξ − ζ)m−β−1Ξ−γ

α,m−β[κ(ξ − ζ)α]

(
dm

dζm (ζλ)

)
dζ

=
∫ ξ

0
(ξ − ζ)k−β−1Ξ−γ

α,m−β[κ(ξ − ζ)α]

(
d

dζ
(ζλ)

)
dζ

= (1−m + λ)m

∫ ξ

0
ζλ−m(ξ − ζ)m−β−1Ξ−γ

α,m−β[κ(ξ − ζ)α]dζ

= (1−m + λ)m

∫ ξ

0
ζ(λ−m+1)−1(ξ − ζ)m−β−1Ξ−γ

α,k−β[κ(ξ − ζ)α]dζ

:= (ν)m

∫ ξ

0
ζν−1(ξ − ζ)µ−1Ξ−γ

α,µ [κ(ξ − ζ)α]dζ

= (ν)m Γ(ν) ξν+µ−1Ξ−γ
α,µ+ν[κξα],

where µ := m− β, ν := λ−m + 1 and (ν)m =
Γ(1 + λ)

Γ(1 + λ−m)
. Hence, we obtain

C
mD

γ,κ
α,β(ξ

λ) = Γ(1 + λ)ξν+µ−1Ξ−γ
α,µ+ν[κξα]

= Γ(m + ν) ξν+µ−1Ξ−γ
α,µ+ν[κξα].

Modified Operators

In this study, we deal with a special kind of analytic functions in ∇ of the form
(see [20])

h(ξ) = ξ +
∞

∑
n=`+1

hn ξn, ξ ∈ ∇, ` ∈ N (4)

and denoted by Λ`. The convolution product of two analytic functions f and g is given by

( f × g)(ξ) =

(
∞

∑
n=0

φnξn

)
×
(

∞

∑
n=0

ϕn ξn

)
=

∞

∑
n=0

φn ϕn ξn.

Proposition 1. For h ∈ Λ`, consider the adjustment operator C∆γ,κ,m
α,β,` : ∇ → ∇ by

C∆γ,κ,m
α,β,` h(ξ) :=

 ξβ

Ξ−γ
α,2−β[κξα]

(CmDγ,κ
α,β

)
h(ξ).

Then, C∆γ,κ,m
α,β,` h = C∆γ,κ,m

α,β,` × h ∈ Λ`.(
α, β, γ, κ ∈ C, ξ ∈ ∇

)
.



Fractal Fract. 2022, 6, 545 4 of 18

Proof. Assume that h ∈ Λ`. Then,

C∆γ,κ,m
α,β,` h(ξ) =

 ξβ

Ξ−γ
α,2−β[κξα]

(CmDγ,κ
α,βh(ξ)

)

=

 ξβ

Ξ−γ
α,2−β[κξα]

(CmDγ,κ
α,β

(
ξ +

∞

∑
n=2

hnξn

))

=

 ξβ

Ξ−γ
α,2−β[κξα]

(CmDγ,κ
α,βξ +

∞

∑
n=`+1

hn
C
mD

γ,κ
α,βξn

)

=

 ξβ

Ξ−γ
α,2−β[κξα]

(Ξ−γ
α,2−β[κξα]ξ1−β +

∞

∑
n=`+1

hn Γ(n + 1)ξn−βΞ−γ
α,n+1−β[κξα]

)

= ξ +
∞

∑
n=`+1

hn Γ(n + 1)
ξ−αΞ−γ

α,n+1−β[κξα]

ξ−αΞ−γ
α,2−β[κξα]

 ξn

= ξ +
∞

∑
n=`+1

hn Γ(n + 1)
Ξ−γ

α,n+1−β[κ]

Ξ−γ
α,2−β[κ]

 ξn

:= ξ +
∞

∑
n=`+1

hn Σnξn

=

(
ξ +

∞

∑
n=`+1

Σn ξn

)
×
(

ξ +
∞

∑
n=`+1

hn ξn

)
=
(
C∆γ,κ,m

α,β,` × h
)
(ξ),

where

Σn := Γ(n + 1)
Ξ−γ

α,n+1−β[κ]

Ξ−γ
α,2−β[κ]

.

This proves that C∆γ,κ,m
α,β,` h ∈ Λ`.

Note that the fractional integral corresponds to [C∆γ,κ,m
α,β,` h](ξ) is given by the series

[CPγ,κ,m
α,β,` h](ξ) = ξ +

∞

∑
n=`+1

hn
Ξ−γ

α,2−β[κ]

Γ(n + 1)Ξ−γ
α,n+1−β[κ]

 ξn,

where
[C∆γ,κ,m

α,β,` ](ξ)× [CPγ,κ,m
α,β,` h](ξ) = h(ξ)

and
[CPγ,κ,m

α,β,` ](ξ)× [C∆γ,κ,m
α,β,` h](ξ) = h(ξ).

3. Quantum Formula

For a complex number ω ∈ C, the Q-shifted factorials is given in the next structure [1]

(ω; q)σ =
`−1

∏
ı=0

(1− qıω), σ ∈ N, (ω; q)0 = 1. (5)
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Corresponding to (5) and in expressions of the well known gamma function, the
Q-shifted formula is presented as follows:

(qω; q)` =
Γq(ω + `)(1− q)σ

Γq(ω)
, Γq(ω) =

(q; q)∞(1− q)1−ω

(qω; q)∞
(6)

where

Γq(ω + 1) =
Γq(ω)(1− qω)

1− q
, q ∈ (0, 1).

and

(ω; q)∞ =
∞

∏
ı=0

(1− qıω). (7)

Next is the difference operator for the formulation of the Jackson derivative

∆qh(ξ) =
h(ξ)− h(qξ)

ξ(1− q)
, q ∈ (0, 1) (8)

such that

∆q (ξ
v) =

(
1− qv

1− q

)
ξv−1.

Additionally, the idea of the Q–binomial formula satisfies the equality

(t− y)[ = ϑ[

(
−y

t
; q
)
[
. (9)

The q-Mittag–Leffler function was described by the authors in [21] as follows:

Ξϑ
ν,µ[χ]q =

∞

∑
n=0

(
qϑ; q

)
n

(q; q)n

χn

Γq(ν n + µ)
. (10)

In view of the above organization, we consider the q–Prabhakar differential operator
as follows:

[ C∆γ,κ,m
α,β,` h(ξ)]q = ξ +

∞

∑
n=`+1

hn[Σn]q ξn, (11)

where

[Σn]q := Γq(n + 1)
Ξ−γ

α,n+1−β[κ]q

Ξ−γ
α,2−β[κ]q

.

Note that the quantum fractional integral corresponds to [C∆γ,κ,m
α,β,` h]q(ξ), which is given

by the series

[CPγ,κ,m
α,β,` h]q(ξ) = ξ +

∞

∑
n=`+1

hn

[Σn]q
ξn, ξ ∈ ∇.

Next, results show the sufficient conditions for the convexity and starlikeness of the
q–operator for a special set of coefficients of h(ξ).

Proposition 2. Let h be convex of order $, $ ∈ [0, 1) with non–positive coefficients (hn ≤ 0).
Moreover, let

∞

∑
n=`+1

(
n(n− $)

1− $

)
hn[Σn]q ≤ 1.

Then,

• [ C∆γ,κ,m
α,β,` h(ξ)]q is also convex of order $.
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• It achieves the next upper and lower bounds

|ξ| − 1− $

(`+ 1)(`+ 1− $)
|ξ|`+1 ≤ |[C∆γ,κ,m

α,β,` h(ξ)]q| ≤ |ξ|+
1− $

(`+ 1)(`+ 1− $)
|ξ|`+1

• and its derivative achieves the next upper and lower bounds

1− 1− $

(`+ 1− $)
|ξ|` ≤ |[ C∆γ,κ,m

α,β,` h(ξ)]′q| ≤ 1 +
1− $

(`+ 1− $)
|ξ|`.

• The above results are sharp such that the maximum function is given by the formula (see
Figure 1)

[ C∆γ,κ,m
α,β,` h(ξ)]q = ξ −

(
(1− $)

(`+ 1− $)(`+ 1)

)
ξ`+1.

• Let

C∆γ,κ,m
α,β,` (ξ) := ξ +

∞

∑
n=`+1

[Σn]qξn, ξ ∈ ∇.

If C∆γ,κ,m
α,β,` (ξ) and h(ξ) are a convex of order $, then C∆γ,κ,m

α,β,` h(ξ) is convex of order ρ, where

ρ :=
`(`+ 1)(`+ 2− 2$)

(`+ 1)3 − 2`(`+ 2)$ + `$2 − 1
.

Proof. By the assumptions of the proposition, the convex function

h(ξ) = ξ −
∞

∑
n=`+1

hn ξn, ξ ∈ ∇, ` ∈ N.

satisfies the inequality
∞

∑
n=`+1

(
n(n− $)

1− $

)
hn[Σn]q ≤ 1.

In addition, in view of Lemma 2 [22], we have that [ C∆γ,κ,m
α,β,` h(ξ)]q is also convex of

order $. This completes the first part.
Now, the first part gives the following inequalities:(

(`+ 1)(`+ 1− $)

1− $

) ∞

∑
n=`+1

hn[Σn]q ≤
∞

∑
n=`+1

n
(

n− $

1− $

)
hn[Σn]q ≤ 1,

which yields

∞

∑
n=`+1

hn[Σn]q ≤
1− $

(`+ 1)(`+ 1− $)
.

Moreover, we have

∞

∑
n=`+1

nhn[Σn]q ≤
1− $

(`+ 1− $)
.

Consequently, we obtain the second part and third parts respectively. Clearly, the
maximum sharp function is given by the formula

[ C∆γ,κ,m
α,β,` h(ξ)]q = ξ −

(
(1− $)

(`+ 1− $)(`+ 1)

)
ξ`+1.
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A convolution property implies that

C∆γ,κ,m
α,β,` h(ξ) =

(
C∆γ,κ,m

α,β,` × h
)
(ξ),

where C∆γ,κ,m
α,β,` and h are convex of order $. To show that C∆γ,κ,m

α,β,` h(ξ) is convex of order ρ,
we have to show that

∞

∑
n=`+1

n
(

n− ρ

1− ρ

)
hn[Σn]q ≤ 1.

Since

∞

∑
n=`+1

n
(

n− $

1− $

)
hn ≤ 1,

∞

∑
n=`+1

n
(

n− $

1− $

)
[Σn]q ≤ 1,

then by the Cauchy–Schwarz inequality, we obtain

∞

∑
n=`+1

n
(

n− $

1− $

)√
hn[Σn]q ≤ 1,

√
hn[Σn]q ≤

1− $

n(n− $)
.

However,
1− $

n(n− $)
≤ (n− $)(1− ρ)

n(1− $)(n− ρ)
; thus, a computation yields

ρ :=
`(`+ 1)(`+ 2− 2$)

(`+ 1)3 − 2`(`+ 2)$ + `$2 − 1
.

Hence, in view of Lemma 2 [22], C∆γ,κ,m
α,β,` h(ξ) is convex of order ρ. This completes the

last part of the result.

Figure 1. 3D–plot of the maximum function of convexity for $, (a):0; (b):0.25; (c):0.5; (d): 0.6.



Fractal Fract. 2022, 6, 545 8 of 18

Proposition 3. Let h be starlike of order $, $ ∈ [0, 1) with non-positive coefficients (hn ≤ 0).
Moreover, let

∞

∑
n=`+1

(
n− $

1− $

)
hn[Σn]q ≤ 1.

Then,

• [ C∆γ,κ,m
α,β,` h(ξ)]q is also starlike of order $.

• It achieves the next upper and lower bounds

|ξ| − 1− $

`+ 1− $
|ξ|`+1 ≤ |[C∆γ,κ,m

α,β,` h(ξ)]q| ≤ |ξ|+
1− $

`+ 1− $
|ξ|`+1

• and its derivative achieves the next upper and lower bounds

1− (1− $)(`+ 1)
(`+ 1− $)

|ξ|` ≤ |[ C∆γ,κ,m
α,β,` h(ξ)]′q| ≤ 1 +

(1− $)(`+ 1)
(`+ 1− $)

|ξ|`.

• The above results are sharp such that the maximum function is given by the formula (see
Figure 2)

[ C∆γ,κ,m
α,β,` h(ξ)]q = ξ −

(
1− $

`+ 1− $

)
ξ`+1.

• If C∆γ,κ,m
α,β,` (ξ) and h(ξ) are starlike of order $ then C∆γ,κ,m

α,β,` h(ξ) is starlike of order ρ, where

ρ :=
`+ 1− $2

`+ 2− 2$
.

Figure 2. 3D–Plot of the maximum function of starlikeness for $ = 0.5.

Proof. Since h has non-positive coefficients, then it can be written as follows:

h(ξ) = ξ −
∞

∑
n=`+1

hn ξn, ξ ∈ ∇, ` ∈ N.
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Moreover, since h is starlike of order $, where $ ∈ [0, 1), satisfies the inequality

∞

∑
n=`+1

(
n− $

1− $

)
hn[Σn]q ≤ 1,

then in view of Lemma 1 [22], we have [ C∆γ,κ,m
α,β,` h(ξ)]q is also starlike of order $. This

completes the first part.
By the first part of this result, we obtain(

`+ 1− $

1− $

) ∞

∑
n=`+1

hn[Σn]q ≤
∞

∑
n=`+1

(
n− $

1− $

)
hn[Σn]q ≤ 1,

which yields

∞

∑
n=`+1

hn[Σn]q ≤
1− $

`+ 1− $
.

Consequently, we have

|[ C∆γ,κ,m
α,β,` h(ξ)]q| ≥ |ξ| − |ξ|`+1

∞

∑
n=`+1

hn[Σn]q ≥ |ξ| − |ξ|`+1
(

1− $

`+ 1− $

)
and

|[ C∆γ,κ,m
α,β,` h(ξ)]q| ≤ |ξ|+ |ξ|`+1

∞

∑
n=`+1

hn[Σn]q ≤ |ξ|+ |ξ|`+1
(

1− $

`+ 1− $

)
.

Combining the above two inequalities, we obtain the second part. By using the fact,

∞

∑
n=`+1

nhn[Σn]q ≤ 1− $ +
$(1− $)

`+ 1− $
=

(`+ 1)(1− $)

`+ 1− $
.

Therefore, a computation implies that

|[ C∆γ,κ,m
α,β,` h(ξ)]′q| ≥ 1− |ξ|`

∞

∑
n=`+1

nhn[Σn]q ≥ 1− (1− $)(`+ 1)
(`+ 1− $)

|ξ|`

and

|[ C∆γ,κ,m
α,β,` h(ξ)]′q| ≤ 1 + |ξ|`

∞

∑
n=`+1

nhn[Σn]q ≤ 1 +
(1− $)(`+ 1)
(`+ 1− $)

|ξ|`.

Combining the above inequalities, we receive the third item. A direct calculation
yields the maximum function placed as follows:

[ C∆γ,κ,m
α,β,` h(ξ)]q = ξ −

(
1− $

`+ 1− $

)
ξ`+1,

which completes part four.
By the convolution definition, we have

C∆γ,κ,m
α,β,` h(ξ) =

(
C∆γ,κ,m

α,β,` × h
)
(ξ),
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where C∆γ,κ,m
α,β,` and h are starlike of order $. To show that C∆γ,κ,m

α,β,` h(ξ) is starlike of order ρ,
we need to show that

∞

∑
n=`+1

(
n− ρ

1− ρ

)
hn[Σn]q ≤ 1.

Since

∞

∑
n=`+1

(
n− $

1− $

)
hn ≤ 1

and

∞

∑
n=`+1

(
n− $

1− $

)
[Σn]q ≤ 1,

then in view of the Cauchy–Schwarz inequality, we obtain

∞

∑
n=`+1

(
n− $

1− $

)√
hn[Σn]q ≤ 1,

where √
hn[Σn]q ≤

1− $

n− $
.

However,
1− $

n− $
≤ (n− $)(1− ρ)

(1− $)(n− ρ)
;

thus, the equality of the above conclusion yields

ρ :=
`+ 1− $2

`+ 2− 2$
.

Hence, in view of Lemma 1 [22], C∆γ,κ,m
α,β,` h(ξ) is starlike of order ρ. This completes the

last part of the result.

Note that the sufficient condition for convexity is

<
(

1 +
ξh′′(ξ)
h′(ξ)

)
> 0

and the class of all these functions is denoted by C. Moreover, the sufficient condition for
the starlikeness is

<
(

ξh′(ξ)
h(ξ)

)
> 0

and the class of all these functions is denoted by S∗.
Combining the two definitions to obtain the following functional using the q–operator:

Definition 1. Let h ∈ Λ`. Define a functional [ εJγ,κ,m
α,β,` h(ξ)]q as follows:

[ εJγ,κ,m
α,β,` h(ξ)]q = (1− ε)

(
ξ[C∆γ,κ,m

α,β,` h(ξ)]′q
[ C∆γ,κ,m

α,β,` h(ξ)]q

)
+ ε

(
1 +

ξ[ C∆γ,κ,m
α,β,` h(ξ)]′′q

[ C∆γ,κ,m
α,β,` h(ξ)]′q

)
. (12)

The Formula (12) is a generalization of the functional appearing in [23]—P250 for
a special type of convex integral operator. We advance to investigate extra properties
utilizing the [C∆γ,κ,m

α,β,` ]q.
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4. Differential Inequalities

We consider the following results ([23]—P258–P266).

Lemma 1. Define the following set for a positive integer `,

H[1, `] = {h̄ : h̄(ξ) = 1 + h`ξ` + h`+1ξ`+1 + . . .}.

In addition, for ℘ > 0,ℵ ∈ (−1, 1], the function F ∈ H[1, `] achieves

G(ξ) ≺ 1 + (ℵ+ ℘`)ξ

1− ξ
+

`℘ℵξ

1 + ℵξ
≡ g(ξ).

If g ∈ H[1, `] is a solution of the differential equation

℘ξg′(ξ) + G(ξ).g(ξ) = 1,

then
g(ξ) ≺ 1− ξ

1 + ℵξ
, ξ ∈ ∇,

where ≺ indicates the subordination notion.

Lemma 2. Let φ ∈ Λ`. In addition, let λ > 0 and ς ∈ [0, 1). If one of the following inequalities

ξφ′(ξ)

φ(ξ)
≺ 1 + (1− 2ς + `λ)ξ

1− ξ
+

`λ(1− 2ς)ξ

1 + (1− 2ς)ξ
≡ g(ξ),

(1− λ)

(
ξφ′(ξ)

φ(ξ)

)
+ λ

(
1 +

ξφ′′(ξ)

φ′(ξ)

)
≺ 1 + (1− 2ς + `λ)ξ

1− ξ
+

`λ(1− 2ς)ξ

1 + (1− 2ς)ξ
≡ g(ξ),

holds, then the λ−convex operator that acts on φ

Φλ(ξ) =

(
1
λ

∫ ξ

0
φ1/λ(τ)τ−1dτ

)λ

is starlike of order ς.

The main outcomes of this investigation are as follows:

Theorem 1. Consider the functional in (12). If

[ εJγ,κ,m
α,β,` h(ξ)]q ≺ f(ξ), ξ ∈ ∇,

where

f(ξ) = exp

(∫ ξ

0
−

[ εJγ,κ,m
α,β,` h(ξ)]q

τ
dτ

)
∫ ξ

0

exp

(∫ ζ
0

[ εJγ,κ,m
α,β,` h(ξ)]q

τ
dτ

)
ζ

dζ + 1


= 1 +

∞

∑
n=1+`

fnξn

satisfies
|fn | ≤ 2 + `+ (−1)n+1`, ` ∈ N, n ≥ 1;

then,

[ εJγ,κ,m
α,β,` h(ξ)]q ≺

1− ξ

1 + ξ
, ξ ∈ ∇.
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Proof. Our aim is to apply Lemma 1. Clearly, [ εJγ,κ,m
α,β,` h(ξ)]q ∈ H[1, `], where

[ εJγ,κ,m
α,β,` (0)]q = 1. Formulate a function as follows:

g(ξ) =
1 + 2(`+ 1)ξ + ξ2

1− ξ2

= 1 + 2(`+ 1)ξ + 2ξ2 + 2(`+ 1)ξ3 + 2ξ4 + 2(`+ 1)ξ5 + O(ξ6)

= 1 +
∞

∑
n=`+1

(2 + `+ (−1)n+1`) ξn.

Obviously, g(ξ) is convex univalent in ∇ achieving (see Figure 3)

<
(

1 +
ξg′′(ξ)
g′(ξ)

)
= <

1 +

4ξ(ξ(`(ξ2 + 3) + ξ(ξ + 3) + 3) + 1))
(1− ξ2)3

2(`(ξ2 + 1) + (ξ + 1)2)

(1− ξ2)2

 > 0

for all |ξ| < 1 and ` > 0. Obviously, f(ξ) is a solution of the differential equation

ξ f′ (ξ) + G(ξ). f (ξ) = 1,

where G(ξ) = [ εJγ,κ,m
α,β,` h(ξ)]q. Since

f(ξ) = 1 +
∞

∑
n=`+1

fnξn

achieves
|fn | ≤ 2 + `+ (−1)n+1`, ` ∈ N,

then we obtain the following inequality:

f(ξ)� g(ξ), ξ ∈ ∇,

where� indicates the majority relation. Then, by [24]—Corollary 1 and for |ξ| ∈ (0.28,
√

2− 1),
we have

f(ξ) ≺ g(ξ), ξ ∈ ∇.

By the concept of the subordination, there occurs a function w(ξ), |w(ξ)| ≤ |ξ| < 1,
w(0) = 0 then this implies that

f(ξ) = g(w(ξ)), ξ ∈ ∇.

By letting w(ξ) = ξ, we obtain

[ εJγ,κ,m
α,β,` h(ξ)]q ≺ g(ξ), ξ ∈ ∇,

where

g(ξ) =
1 + 2(`+ 1)ξ + ξ2

1− ξ2

=
1 + (1 + `)ξ

1− ξ
+

`ξ

1 + ξ
.
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Thus, by letting ℘ = ℵ = 1 in Lemma 1, we confirm that

f (ξ) ≺ 1− ξ

1 + ξ
,

which leads to the double inequality

[ εJγ,κ,m
α,β,` h(ξ)]q ≺ g(ξ) ≺ 1− ξ

1 + ξ
.

Hence, we reach the fact

[ εJγ,κ,m
α,β,` h(ξ)]q ≺

1− ξ

1 + ξ
, ξ ∈ ∇.

Figure 3. The plot of the convex function g(ξ), ` = 1, λ = 0.5.

Theorem 2. Consider the functional in (12). If

[ λJγ,κ,m
α,β,` h(ξ)]q ≺ fλ(ξ), ξ ∈ ∇, λ > 0,

where

fλ(ξ) = exp

(∫ ξ

0
−

[ λJγ,κ,m
α,β,` h(ξ)]q

λτ
dτ

)
.


∫ ξ

0

exp

(∫ ζ
0

[ λJγ,κ,m
α,β,` h(ξ)]q

λτ
dτ

)
λζ

dζ + 1


= 1 +

∞

∑
n=1+`

fn(λ)ξ
n

achieves
|fn (λ)| ≤ |2− ((−1)n − 1)λ`|, ` ∈ N, n ≥ 1,
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then the λ−convex operator that acts on the q-operator [ C∆γ,κ,m
α,β,` h(ξ)]q,

Φλ(ξ) =

(
1
λ

∫ ξ

0
[ C∆γ,κ,m

α,β,` h(ξ)]1/λ
q τ−1dτ

)λ

is starlike in ∇.

Proof. Our proof is based on Lemma 2. Eventually, [ λJγ,κ,m
α,β,` h(ξ)]q ∈ H[1, `], where

[ λJγ,κ,m
α,β,` (0)]q = 1. Formulate a function as follows:

g(ξ) =
1 + 2(` λ + 1)ξ + ξ2

1− ξ2

= 1 + 2(`λ + 1)ξ + 2ξ2 + 2(`λ + 1)ξ3 + 2ξ4 + 2(`λ + 1)ξ5 + O(ξ6)

= 1 +
∞

∑
n=`+1

(2− ((−1)n − 1)`λ) ξn.

Obviously, g(ξ) is convex univalent in ∇ satisfying

<
(

1 +
ξg′′(ξ)
g′(ξ)

)
= <

1 +

4ξ(ξ(`λ(ξ2 + 3) + ξ(ξ + 3) + 3) + 1))
(1− ξ2)3

2(`λ(ξ2 + 1) + (ξ + 1)2)

(1− ξ2)2

 > 0

for all |ξ| < 1, λ > 0 and ` > 0. Clearly, fλ(ξ) is a solution of the differential equation

λξ f′λ (ξ) + G(ξ). fλ (ξ) = 1,

where G(ξ) = [ λJγ,κ,m
α,β,` h(ξ)]q. However,

fλ(ξ) = 1 +
∞

∑
n=`+1

fn(λ)ξ
n

satisfies
|fn (λ)| ≤ |2− ((−1)n − 1)`λ|, λ > 0, ` ∈ N,

then we conclude that
fλ(ξ)� g(ξ), ξ ∈ ∇.

Then, by [24]—Corollary 1 and for |ξ| ∈ (0.28,
√

2− 1), we have

fλ(ξ) ≺ g(ξ), ξ ∈ ∇.

Again the subordination definition implies that a function occurs with
u(ξ), |u(ξ)| ≤ |ξ| < 1, u(0) = 0 such that

fλ(ξ) = g(u(ξ)), ξ ∈ ∇.

By letting u(ξ) = ξ, we have

[ λJγ,κ,m
α,β,` h(ξ)]q ≺ g(ξ), ξ ∈ ∇,

where

[ λJγ,κ,m
α,β,` h(ξ)]q = (1− λ)

(
ξ[ C∆γ,κ,m

α,β,` h(ξ)]′q
[ C∆γ,κ,m

α,β,` h(ξ)]q

)
+ λ

(
1 +

ξ[ C∆γ,κ,m
α,β,` h(ξ)]′′q

[ C∆γ,κ,m
α,β,` h(ξ)]′q

)
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and

g(ξ) =
1 + 2(`λ + 1)ξ + ξ2

1− ξ2

=
1 + (1 + `λ)ξ

1− ξ
+

`λξ

1 + ξ
.

Thus, by considering ς = 0 in Lemma 2, we attain that the λ−convex operator that
acts on the q-operator [ C∆γ,κ,m

α,β,` h(ξ)]q,

Φλ(ξ) =

(
1
λ

∫ ξ

0
[ C∆γ,κ,m

α,β,` h(ξ)]1/λ
q τ−1dτ

)λ

, λ > 0,

is starlike in ∇.

Theorem 3. Consider the operator [ C∆γ,κ,m
α,β,` h(ξ)]q. Then,

[ C∆γ,κ,m
α,β,` h(ξ)]q ∈ S∗ ⇒

ξν−1
∫ ξ

0

(
[ C∆γ,κ,m

α,β,` h(τ)]q
τ

)ρ1(
k(τ)

τ

)ρ2

dτ

1/ν

∈ S∗(
2ν− 1

2ν
),

where k is convex univalent function, ν > 1/2 and ρ1 ≥ 0, ρ2 > 0.
Moreover, if

k(ξ) = ξ

1− ξ
, ρ2 = 1,

then

[ C∆γ,κ,m
α,β,` h(ξ)]q ∈ S∗ ⇒

ξν−1
∫ ξ

0

(
[ C∆γ,κ,m

α,β,` h(τ)]q

τ(1− τ)1/ρ1

)ρ1

dτ

1/ν

∈ S∗(
2ν− 1

2ν
),

where k is convex univalent function and ρ1 ≥ 0, ρ2 > 0.

Proof. Let k(ξ) = ξ + ∑∞
n=`+1 knξn. First, we must show thatξν−1
∫ ξ

0

(
[ C∆γ,κ,m

α,β,` h(τ)]q
τ

)ρ1(
k(τ)

τ

)ρ2

dτ

1/ν

∈ Λ`. (13)

By the definition of [ C∆γ,κ,m
α,β,` h(τ)]q, we have
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I[F, G](ξ) :=

ξν−1
∫ ξ

0

(
[ C∆γ,κ,m

α,β,` h(τ)]q
τ

)ρ1(
k(τ)

τ

)ρ2

dτ

1/ν

=

(
ξν−1

∫ ξ

0

(
τ + ∑∞

n=`+1 hn Σnτn

τ

)ρ1(τ + ∑∞
n=`+1 knτn

τ

)ρ2

dτ

)1/ν

=

(
ξν−1

∫ ξ

0

(
1 +

∞

∑
n=`+1

hn Σnτn−1

)ρ1
(

1 +
∞

∑
n=`+1

knτn−1

)ρ2

dτ

)1/ν

=

(
ξν−1

∫ ξ

0

(
1 + ρ1

∞

∑
n=`+1

hn Σnτn−1 + . . .

)(
1 + ρ2

∞

∑
n=`+1

knτn−1 + . . .

)
dτ

)1/ν

=

(
ξν−1

∫ ξ

0

((
1 + ρ1

∞

∑
n=`+1

hn Σnτn−1

)
+ . . .

)
dτ

)1/ν

.

A direct integration yields the conclusion in (13). Since k(ξ) is convex in ∇, then
it belongs to S∗(1/2) (the class of starlike functions of order 1/2). However, the mul-
tiplication of starlike functions is also starlike; then, the integral I[F, G](ξ) is starlike of
order (2ν− 1)/2ν (see [23]—P169). The second part comes from the first part, when
k(ξ) = ξ/(1− ξ) and ρ2 = 1. Hence, the proof.

Example 1. Consider the differential equation(
ξ[ C∆γ,κ,m

α,β,` h(ξ)]′q
[ C∆γ,κ,m

α,β,` h(ξ)]q

)
=

(
1− ξ

1 + ξ

)
, (14)

and the solution is given by

[ C∆γ,κ,m
α,β,` h(ξ)]q =

ξ

(1− ξ)2 ,

which is starlike (see Figure 1), and hence, in view of Theorem 3, we haveξν−1
∫ ξ

0

(
[ C∆γ,κ,m

α,β,` h(τ)]q

τ(1− τ)1/ρ1

)ρ1

dτ

1/ν

∈ S∗(
2ν− 1

2ν
),

where ρ1 ≥ 0.

Example 2. Consider the differential equation(
ξ[ C∆γ,κ,m

α,β,` h(ξ)]′q
[ C∆γ,κ,m

α,β,` h(ξ)]q

)
= 1, (15)

and the outcome of the above equation is formulated by

[ C∆γ,κ,m
α,β,` h(ξ)]q = ξ,

which satisfies

<
(

ξ[ C∆γ,κ,m
α,β,` h(ξ)]′q

[ C∆γ,κ,m
α,β,` h(ξ)]q

)
= 1 > 0;
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thus, it is starlike. According to Theorem 3, we have(
ξν−1

∫ ξ

0

(
1

(1− τ)1/ρ1

)ρ1

dτ

)1/ν

∈ S∗(
2ν− 1

2ν
),

where ρ1 ≥ 0.

5. Conclusions

From above, we conclude that the q–Prabhakar fractional differential operator of a
complex variable can be studied in view of the geometric function theory by consuming
a special class of analytic functions. Various differential inequalities are studied by the
suggested operator and then its properties are investigated based on the concepts of
subordination and superordination. A starlikeness of the operator implies a starlikeness of
an integral formula, which indicates a solution of the well-known Briot–Bouquet differential
equation (see Theorem 3). Finally, we presented the sharpness of convexity and starlikeness
and estimate the corresponding extreme functions.

For future works, one can suggest the double QFC. Additionally, it is possible to
extend the q–calculus to post quantum calculus, which is represented by the (p, q)-calculus.
In reality, such a QFC extension cannot be achieved by simply replacing q in the q-calculus
with q/p. When p = 1 in the (p, q)–calculus, one can derive the q-calculus. The number of
double QFC is determined by

[n]p,q =
pn − qn

p− q
.

Moreover, the double QFC derivative is given by

∆p,qh(ξ) =
h(pξ)− h(qξ)

ξ(p− q)
, 0 < q < p ≤ 1, ∆p,qh(0) = h′(0).
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