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S1. Band-edge exciton fine structure

It is well established theoretically and experimentally that in nanometer-sized colloidal semiconductor crystals the lowest eightfold
degenerate exciton energy level is split into five fine structure levels by the intrinsic crystal field (in hexagonal lattice structures),
the crystal shape asymmetry, and the electron-hole exchange interaction.33,71 These levels are separated from each other by so large
splitting energies, that at temperatures of a few Kelvin the photoluminescence (PL) arises from the two lowest exciton levels. In nearly
spherical CdSe wurtzite QDs29,31,32,34,51,72, as well as in zinc blende NPLs27, the ground exciton state has total spin projection on the
quantization axis J =±2 and is forbidden in the electric-dipole (ED) approximation.§ Therefore, it is usually referred to as a “dark” state,
|F⟩. The upper lying “bright” state, |A⟩, has J =±1L, and is ED allowed. The energy separation between these two levels ∆EAF = EA−EF

is usually of the order of several meV and is relatively large compared to epitaxially grown quantum wells and quantum dots. These
levels are schematically shown together with the relevant recombination and relaxation processes in Figure 4c.

Typically, the linewidth of ensemble PL spectra of colloidal nanocrystals is one-two orders of magnitude larger than the characteristic
∆EAF = 1−20 meV. There are two optical methods that are commonly used to measure ∆EAF in different NCs.

1. Temperature-dependent time-resolved PL

The exciton fine structure leads to an interplay between the upper lying bright |A⟩ and the lower dark |F⟩ states that is typical
for colloidal nanostructures. The recombination rates of these exciton states are ΓA and ΓF. The PL intensity in this case can be
written as I(t) = ηAΓA pA +ηFΓF pF, where ηA,F are the corresponding quantum efficiencies, and pA,F are the occupation numbers of
the corresponding levels. The relaxation rates between these levels are given by γ0 and γth, where γ0 is the zero-temperature relaxation
rate from the bright to the dark exciton state, and γth = γ0NB corresponds to the thermally-activated relaxation rate from the dark to
the bright exciton state, where NB = 1/ [exp(∆EAF/kT )−1] is the Bose–Einstein phonon occupation. Assuming that γ0, ΓA and ΓF are
temperature independent parameters, the system dynamics can be described by the set of rate equations (1). The solutions of this
system are:

pA = C1e−tΓshort +C2e−tΓL ,

pF = C3e−tΓshort +C4e−tΓL , (S1)

with Γshort = τ−1
short and ΓL = τ−1

L being the rates for the short-lasting and the long-lasting decays, respectively:

Γshort,L(T ) =
1
2

[
ΓA +ΓF + γ0 coth

(
∆EAF

2kT

)
±

√
(ΓA −ΓF + γ0)

2 + γ2
0 sinh−2

(
∆EAF

2kT

)]
, (S2)

Here the sign “+” in front of the square root corresponds to Γshort and the sign “−” to ΓL. For nonresonant excitation, after the laser
pulse absorption, both |A⟩ and |F⟩ levels are assumed to be populated equally with pA(t = 0) = pF(t = 0) = 0.5, which gives:

pA = C1e−tΓshort +(0.5−C1)e−tΓL ,

pF = C3e−tΓshort +(0.5−C3)e−tΓL . (S3)

Here C1 and C3 are temperature dependent parameters:

C1 =
γ0 +ΓA −ΓL

2(Γshort −ΓL)
,

C3 =
−γ0 +ΓF −ΓL

2(Γshort −ΓL)
. (S4)

§ In colloidal NCs, the exciton ground state is usually dark, with projection either ±2 or 0L, depending on the shape and/or crystal structure.
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The PL intensity is then described by:

I(t) = [ηAΓAC1 +ηFΓFC3]e−tΓshort +[ηAΓA(0.5−C1)+ηFΓF(0.5−C3)]e−tΓL . (S5)

This dependence represents a bi-exponential PL decay, as typically observed in colloidal NCs at cryogenic temperatures. Indeed, after
nonresonant photoexcitation and energy relaxation of excitons the bright and dark states at t = 0 are populated about equally, but only
the emission from the bright exciton is observed due to ΓA ≫ ΓF. In the limit kT = 0, the excitons relax to the |F⟩ state with a rate γ0.
These two processes, namely, recombination of the bright exciton and relaxation to the dark state, result in a fast initial drop of the
time-resolved PL with a rate Γshort = ΓA + γ0(1+2NB)≈ γ0(1+2NB). At longer delays, the |A⟩ level is emptied, and the emission arises
from the |F⟩ state with a rate ΓL = ΓF.

At a temperature of a few Kelvin, when ∆EAF ≫ kT the time-resolved PL is also bi-exponential with the decay rates Γshort and ΓL

defined by equation (S2). When the temperature is increased, the short-lived (long-lived) component decelerates (accelerates). If
γ0 ≫ ΓA, at elevated temperatures corresponding to ∆EAF ≤ kT the decay turns into becoming mono-exponential with ΓL = (ΓA +ΓF)/2
(see Figure 4a).

The temperature dependence of the ΓL rate is therefore a powerful tool to measure the ∆EAF value. At a single dot level, it has been
shown that the energy splitting obtained by this method is in excellent agreement with the energy splitting directly measured from
the PL spectra and also with theoretical calculations.30 The analysis of the temperature dependence of the time-resolved PL decay is
routinely used to evaluate ∆EAF in NCs.27,31,34,51,72,73 However, this method is indirect and might be affected by thermal activation of
trap states,34,51 surface dangling bonds,35,36 as well as contributions from higher energy states.73

It is important to note, that typically in colloidal quantum dots γ0 ≫ ΓA so that the equations (2) can be simplified:29

Γshort = ΓA + γ0(1+2NB)≈ γ0(1+2NB),

ΓL(T ) =
ΓA +ΓF

2
− ΓA −ΓF

2
tanh

(
∆EAF

2kT

)
. (S6)

However, this simplification cannot be used in case of NPLs, where as we have shown in this paper ΓA can be comparable with γ0.
2. Fluorescence line narrowing
By exciting resonantly a small fraction of the NCs, the broadening due to the size distribution is drastically reduced and linewidths

down to 300 µeV can be measured28. However, this method neglects any internal relaxation between the exciton states.34 Moreover,
it was shown recently that the Stokes shift in bare core CdSe QDs can be also contributed by formation of dangling bond magnetic
polarons.35 The FLN technique, therefore, may overestimate ∆EAF.

S2. Sample characterization

Fig. S1 TEM images of (a) 3ML, (b) 4ML, (c) 5ML CdSe NPLs.
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Fig. S2 Emission (red) and absorption (black) spectra of (a) 5ML and (b) 3ML CdSe NPLs measured at T = 300 K.
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Fig. S3 Emission (red) and absorption (black) spectra of 5ML CdSe NPLs at T = 5 K. Exciton emission and absorption peaks are marked by arrows.
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Fig. S4 Evolution of exciton and low-energy line emission of CdSe NPLs at T = 2 K measured with a streak-camera.
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S3. Supplementary data for 5ML sample
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Fig. S5 (a) Spectrally-resolved PL decays of 5ML sample at T = 2.2 K shown for two temporal ranges. (b) PL spectra obtained by integration of the
data in panel (a) over time at different delays: t = 0 (orange, integration range −32 < t < 32 ps), t = 100 ns (blue, integration range 95 < t < 105 ns), and
integrated over the whole period between subsequent laser pulses (black).
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Fig. S6 PL spectra of 5ML sample at various temperatures. The data are fit with three Gaussians with the peak maxima corresponding to the bright
exciton (magenta), dark exciton (cyan), and low-energy peak (green) positions. The fit results for IF/IA are presented in Figure 6b.
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S4. “Method No. 5”. Polarization-resolved PL spectra in magnetic fields
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Fig. S7 (a) PL spectra of 4ML sample at various temperatures measured at B = 1 T. Left scale: intensity of σ− (blue) and σ+ (red) circularly polarized
PL components. Right scale: degree of circular polarization. The spectral position of DCP maximum indicates the dark exciton energy EF and does not
shift with temperature (black dashed line). (b) Spectral position of the DCP maximum (blue) and PL maximum (green) versus temperature.

The circularly polarized emission in an external magnetic field can be also used for identification of the bright and dark excitons in
colloidal NPLs. This method exploits the difference in the Zeeman splittings of the bright and dark excitons, which is controlled by
their g-factors, gA

X and gF
X : ∆E(A,F)

Z (B) = g(A,F)
X µBBcosθ , where µB is the Bohr magneton and θ is the angle between the normal to the

NPL plane and the magnetic field. Then the degree of circular polarization of the emission gained by the different thermal occupation
of the exciton Zeeman sublevels is described by Pc(B) = [τ/(τ + τs)] tanh[∆EZ(B)/(2kT )]. Here τ is exciton lifetime and τs is exciton
spin relaxation time. The dark exciton state with angular momentum projection ±2 has g-factor gF

X = ge − 3gh.33,74 While the bright
exciton state with ±1 has g-factor gA

X =−(ge +3gh) for the case when the exchange interaction is smaller than the splitting between the
light-hole and heavy-hole states, which is valid for NPL. One can see, that the gF

X and gA
X can differ considerably. The difference depends

on ge and gh, which measurement for the studied NPLs goes beyond the scope of this paper.
A difference in g-factors has an immediate effect on the DCP by providing different values of Pc(B) for the dark and bright excitons

and different temperature dependences for them. This is confirmed by the experimental data in Fig. S7a, where the spectral dependence
of the DCP is shown at B = 1 T and at temperatures varied from 4.2 to 15 K. With increasing temperature the absolute value of DCP
decreases, but its maximum remains located at the spectral position of the dark exciton, while the PL maximum shifts with increasing
temperature from the dark to bright exciton position (Fig. S7b). The energy difference between the DCP and PL maxima of about 5 meV
at T > 10 K corresponds well with the ∆EAF values for the 4ML NPLs (Table 3).
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S5. Calculation of exciton parameters in c-CdSe NPL
In our calculations we consider only the contribution of the short-range electron-hole exchange interaction to the bright-dark exciton
splitting ∆EAF in c-CdSe NPLs. We neglect its cubic anisotropy related to the contribution from remote bands to the Γ8 valence band
hole and write the isotropic electron-hole exchange Hamiltonian as:33,62

Hexch =−2
3

εc
excha3

cδ (rrre − rrrh)(σσσ · JJJ), (S7)

where εc
exch is the exchange constant, ac = 0.608 nm is the lattice constant of c-CdSe75, σσσ = (σx,σy,σz) is the Pauli matrix, and JJJ =

(Jx,Jy,Jz) is the matrix of the hole total angular momentum J = 3/2. We have found (see the main text) the resulting splitting as:

∆EAF = ∆c
exch|Ψ̃(0)|2/L̃, (S8)

where L̃ = L/a0 is the dimensionless NPL thickness, Ψ̃(0) = Ψ(0)a0 is the dimensionless in-plane wavefunction evaluated at ρe = ρh, and
∆c

exch = εc
exchνc/a3

0 = εc
excha3

c/a3
0 is the renormalized exchange constant. Here we use a0 = 1 nm as the length unit.

The influence of dielectric contrast on the in-plane wavefunction of exciton Ψ(0) is taken into account according to approach described
in Ref. [63]. The full Hamiltonian of the system includes potential Ue,h(ρ,ze,zh) which describes the Coulomb attraction between electron
and hole, the attraction of the electron to the hole image, and of the hole to the electron image. Potential Ue,h(ρ,ze,zh) depends on εout

and εin as follows:

Ue,h(ρ,ze,zh) =− e2

εin

[
1√

ρ2 +(ze − zh)2
+

εin − εout

εin + εout

1√
ρ2 +(ze + zh)2

]
, (S9)

where ρ = ρe −ρh is the exciton in-plane motion coordinate, ze and zh are coordinates of electron and hole along the quantization axis.
Let us consider the results of the ∆EAF calculations, performed for different sets of dielectric constants of the nanoplatelet εin and the

surrounding media εout. We consider four different values of renormalized exchange constant ∆c
exch.
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Fig. S8 Dependence of ∆EAF on NPL thickness for: (a) ∆c
exch = 18.1 meV, εc

exch = 84 meV (b) ∆c
exch = 35.9 meV, εc

exch = 160 meV, (c) ∆c
exch = 71.9 meV,

εc
exch = 320 meV, and (d) ∆c

exch = 101.1 meV, εc
exch = 450 meV. Lines are calculations. Values of ∆EAF measured by FLN are shown by red crosses and

values from temperature-dependent time-resolved PL are shown by black open circles.
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a. The straightforward way to determine ∆c
exch is based on the knowledge of the bright-dark splitting ∆Ec

AF in bulk c-CdSe (see Eq.7).
However, there is no available experimental data for ∆Ec

AF. The empirical expression for the bulk exchange splitting in zinc-blende
semiconductors was obtained in Ref. [76] from linear fit of splitting values in InP, GaAs and InAs. According to Eq.12 from Ref. [76] we
find:

∆Ec
AF

(
ac

ex
a0

)3
= 15.4 meV. (S10)

It corresponds to the renormalized exchange constant ∆c
exch = 18.1 meV in c-CdSe, as well as in all other semiconductors with zincblende

structure. Using the definition of c-CdSe unit cell from Refs. [78,79], we find νc = a3
c = 0.224 nm3, where ac = 0.608 nm according to

Ref. [75]. Therefore, ∆c
exch = 18.1 meV corresponds to the exchange constant εc

exch = ∆c
excha3

0/νc = 69 meV in c-CdSe. One can see that
this choice of ∆c

exch gives calculated ∆EAF smaller than the experimental data at any εin and εout (Figure S8a).
b. The next approach is based on the assumption about equality of the renormalized exchange constants of c-CdSe and w-CdSe:

∆c
exch = ∆w

exch = 35.9 meV. The value of ∆c
exch = 35.9 meV corresponds to the εc

exch = ∆c
excha3

0/νc = 160 meV. This approach gives good
agreement with the experimental results if we use εin varying from the high frequency dielectric constant of c-CdSe ε∞ = 6 to the
background dielectric constant of CdSe εb = 8.4, and the outside dielectric constant εout = 2. The results of calculations with the same
∆c

exch and other sets of dielectric constants are presented in Fig. S8b.
c. Another approach is based on assumption about equality not of the renormalized exchange constants, but of the exchange constants

εexch in c-CdSe and w-CdSe: εc
exch = εw

exch = ∆w
excha0

3/νw = 320 meV. Here νw = a2
wcw

√
3/2 = 0.112 nm3 is the volume of the w-CdSe unit

cell,77 where aw = 0.43 nm and cw = 0.70 nm. From νc ≈ 2νw we obtain ∆c
exch = 2∆w

exch = 71.9 meV. The choices εin = 8.4 and εout = 4 fit
the experimental data (Fig. S8c).

d. The last approach is also based on assumption about equality of the exchange constants εc
exch = εw

exch with the use of εw
exch = 450 meV

from Ref. [33]. It gives us ∆c
exch = εc

exchνc/a0
3 = 101.1 meV. The calculated ∆EAF is larger than the experimental data for any choice of

εin and εout, except of the not very realistic case without a dielectric contrast: εin = εout = 8.4 (Figure S8d).
While we can exclude the cases without dielectric confinement, when εin = εout, and the cases with ∆c

exch < 35.9 meV, there are still a
wide range of suitable parameterizations between those used in Figs. S8 b,c. Independent determination of the renormalized exchange
constant ∆c

exch, or dielectric constants εin, εout would allow one to narrow down the number of parameterizations. However, all these
parameterizations use reasonable values of εin, εout, ∆c

exch and allow us to describe dependence of bright-dark exciton splitting in c-CdSe
NPLs as a result of short-range exchange interaction between electron and hole within the effective mass approximation approach.
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