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ABSTRACT

 

One factor ANOVA  technique for  crisp data  of  populations is  extended to with membership function of the 
fuzzy sets over the samples of the populations. The F-test statistic for   the testing statistical  hypothesis  is  given  

on the membership grades  of the fuzzy sets. Decision rules for each proposed hypothesis test are provided.  In the proposed hypothesis 
tests, h-level set,  cut,  fuzzy interval  and  the degrees of optimism and pessimism are not used. Numerical examples are provided for 
explaining  the procedures of  the proposed  hypotheses tests. Decision makers may use the proposed one factor ANOVA tests in the real 
life issues based on the membership grades of  fuzzy sets  for taking appropriate decisions in a simple and effective manner. 
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1. Introduction
Analysis of variance (ANOVA)  is one of the statistical  tech-
niques which is used  to test the null hypothesis that  three or 
more populations means are equal against the alternative hy-
pothesis that they are not equal by using their samples informa-
tion. The ANOVA technique was originally used in the analysis of 
agricultural research data. Due to the strength and versatility of 
the technique, the ANOVA is now used in all most all research ar-
eas especially social  science research  and  managerial  decision 
making. In traditional statistical testing [8], the observations of 
sample are crisp. However, in the real life, the data sometimes 
cannot be recorded or collected precisely. The statistical hy-
potheses testing under fuzzy environments  have  been stud-
ied  by  many  authors  using by the fuzzy set theory concepts  
introduced by Zadeh [13]. The application by using fuzzy sets 
theory to statistics has been widely studied  in Buckley [2]  and  
Viertl [9]. Grzegorzewski [5] and Watanabe and Imaizumi [10] 
proposed the fuzzy test for testing hypotheses with vague data, 
and the fuzzy test gave the acceptability of the null and alterna-
tive hypotheses. The statistical hypotheses testing for fuzzy data 
by proposing the notions of degrees of optimism and pessimism 
were proposed by Wu [11]. Arefi  and Taheri [1] developed an 
approach to test fuzzy hypotheses upon fuzzy test statistic for 
vague data. A new approach to the problem of testing statistical 
hypotheses for fuzzy data using the relationship between confi-
dence intervals and testing hypotheses is introduced by  Chachi 
et al.[3].  Mikihiko Konishi  et al. [7] proposed a method of 
ANOVA for  the fuzzy interval data by using the concept of fuzzy 
sets. Hypothesis testing of  one factor ANOVA model for fuzzy 
data was proposed by Wu [12] which is based on  the h-level 
set  and the notions of the degrees of optimism and pessimism. 
Kalpanapriya and Pandian [6] proposed a new test of  hypoth-
esis of one factor ANOVA for the fuzzy data without using h-level 
and  the notions of degrees of  pessimistic  and optimistic.

In this paper, we propose a new one factor ANOVA test for a 
crisp population based on membership function (MF) of a fuzzy 
set defined on the crisp population. The F-test statistic is given  
for the  testing  hypothesis  with  the grades of the MF of the 
fuzzy set for each individual observation of the random sample 
of the population. Two types of one way ANOVA techniques (one 
way ANOVA technique with respect to one  fuzzy set and  one 
way ANOVA technique with respect to many  number of fuzzy 
sets) are discussed. The decision rules for each hypothesis test 
for accepting or rejecting the null and alternative hypotheses 
are provided. In the proposed one way ANOVA techniques, the 
degrees of optimism and pessimism,  h-level set, −α cut  and  
fuzzy interval are not used. The procedures of the proposed hy-
potheses tests are illustrated with numerical examples. In  a real 
life problem based on the MF of fuzzy sets,  decision makers may 
use  the proposed one factor ANOVA  technique  for obtaining  an 
appropriate decision in an acceptable  manner. 

2. Preliminaries 
We need the following  concepts related to fuzzy set and its MF 
which can be found in Chiang and Lin [3].

Let X   be a crisp set  and  let FA⊆   be a fuzzy set where 
F  is  a  fuzzy space. The fuzzy set A defined on a crisp set X 

with a MF Aµ , can be expressed as follows:

where ]1,0[: →XAµ .

Now, when there are two fuzzy sets A and B  in F  where A and 
B are defined  on a crisp set X,  then A and B can be expressed 
as follows.

Now, when there is a fuzzy set A  ⊆ F   where  A  is defined  
on  two crisp sets X and  also , on Y,  then A  can  be expressed in 
two ways as follows.

Definition 2.1: Let }{ 21 nx,...,x,x  be a random sample of 
size n from a crisp set X with the membership grades (MGs) of 
fuzzy set A where.                                               
Then, the sample mean of the MF of the fuzzy A defined on X  
denoted by )(xAµ  is defined as

.

Definition 2.2: Let ),...,,( 21 nxxx  be a random sample of 
size n from a crisp set X with the MGs of fuzzy set A where .                

Then, the sample variance of   the  MF of  the  fuzzy A  defined  on  
X  denoted by )(2 xAS   is defined as

.

and the sample standard deviation , .  
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3. One -factor ANOVA 
In this section, we propose  one way ANOVA which  tests the 
differences among the means of populations by studying the 
amount of variation within each of the samples  relative to the 
amount of variation between the samples based on the MGs of 
a fuzzy set  over the samples. Samples under consideration in 
ANOVA are assumed to be drawn from normal populations of 
equal variances. In statistical analysis, ANOVA technique is used 
when the analysis involves only one factor between different 
subjects with more than two levels.

3.1. One way ANOVA for s classes with respect to a fuzzy set
Consider  a sample of  size N  of a given random variable X  
drawn from a normal population with variance 2σ   which is 
subdivided  into s  classes according to some factor of classi-
fication. Let A  be a fuzzy set defined on X with MF )(xAµ .

The main objective is  to test the null hypothesis that the factor 
of classification has no effect on the variables with respect to the 
fuzzy set A (or) there is no difference between various classes 
with respect to fuzzy set A (or) the classes are homogeneous 
with respect to fuzzy set A.

Now, let )(Aiµ  be the mean of i th  population class of the MGs 
of the fuzzy set A. The testing hypotheses are given below:

Null hypothesis, 
)(....)(2)(1:0 AsAAH µµµ ===  against 

Alternative hypothesis, 
equal are  s(A)' allnot : iAH µ

Let ijx  be the MGs of the fuzzy set A  of the j th  member of the 
i th class which contains in values,  )(Aix  be the mean of the 
MGs of the fuzzy set A over the i th  class and )(Ax be the gen-
eral mean  of the MGs of the fuzzy set  A over  all the N ( i

i
n∑=

) grades . 

Now, the total variation with respect to A, )(AQ   = 
2))A(x)A(x( ij

ji
−∑∑

            = 2))A(x)A(x( iij
ji

−∑∑  +                                      2))A(x)A(x(n ii
i

−∑  

             = )A(Q2 + )A(Q1

where 2
1 ))A(x)A(x(n)A(Q ii

i
−∑=  is the variation between class-

es  and
 2

2 ))A(x)A(x()A(Q iij
ji

−∑∑=  

is the variation within classes (or) the residual variation.

Now, since i th  class is a sample of size in  from the population 
with the variance 2σ , we can conclude that 

sN
AQAM
−

=
)(2)(2  is an 

unbiased estimator of  2σ  with degrees of freedom

sN −   and  since the entire group is a sample of size N from the 
population with variance 2σ , we can conclude that

1
1

1 −
=

s
)A(Q)A(M  is an unbiased estimator of  2σ  with degrees of free-

dom 1−s .

Now, since  sampled population is normal, the estimates )(1 AM  
and                  are independent  and hence the ratio

)A(M
)A(M

2

1  follows a F-distribution with ),1( sNs −−  

degrees of freedom  (or)  the ratio  follows a F-distribution with 

)1,( −− ssN  degrees of freedom. Choosing the ratio which is 
greater than one. Then, we employ the test−F for testing the 
hypotheses.

The above results are displayed in the form a table , known as 
the one-factor ANOVA table  as given below:

)(2 AM

)A(M
)A(M

1

2

Source of  variation

Between
Classes

Within
Classes

Sum of
Squares )A(Q1 )A(Q2

Degrees
of freedom 1−s sN −

Mean
Square

1
1

1

−
=

s
)A(Q

)A(M

sN
)A(Q

)A(M

−
= 2

2

F-value

(or)

The decision rules in F-test  to accept or reject  the null hypoth-
esis and  alternative hypothesis   at α  level of significance are  
given below:

(i) If )A(M)A(M 12 <  and 0
2

1 F
)A(M
)A(MF <=  

where 0F  is  the table value of  F for  ),1( sNs −−  degrees of 
freedom at α  level, the null hypothesis is accepted. Otherwise, 
the alternative hypothesis  is accepted. 

(ii) If )A(M)A(M 21 <  and 
0

1

2 F
)A(M
)A(MF <=  

where 0F  is  the table value of  F for  )1,( −− ssN  degrees of 
freedom at α  level, the null hypothesis is accepted.  Otherwise, 
the alternative hypothesis  is accepted.

Note : For easy computing the values of )(AQ , )(1 AQ  and 
)(2 AQ , we use the following formulae:

       )(AQ N
TAijx

ji

2
)(2 −∑∑=  , 

       where  )(Aijx
ji

T ∑∑=  ;  

)A(Q1                               where )(Aijx
j

iT ∑=   and  

)A(Q)A(Q)A(Q 12 −= .

Example 3.1.Let X = {Students in Tamil University}. Let P = 
{Students in VIT   University}, Q = {Students in Anna Univer-
sity}, R = {Students in Annamalai University} and S = {Students 
in Thiruvalluvar University} be  four populations. Let us define 
the fuzzy set  A over the crisp populations P, Q, R and S, A ={com-
fort ability}. 

Now, we test that all universities  are the same with respect to 
comfort ability at 5% level of significance.

Let ),,,,,,,( 876543211 xxxxxxxxS =   

be the  sample of size 8 taken from the population  P,

),,,,,,( 76543212 yyyyyyyS =
 

be the sample of size 7 taken from the population Q,
),,,,,,( 76543213 uuuuuuuS =
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be the sample of size 7 taken from the population R and
 ),,,,,( 6543214 vvvvvvS =  be the sample of size 6 taken from  

the population S, then we collect information  and  obtain  the  
MGs of these  two samples  concerning  fuzzy set A   as given 
below: 

)A(Pµ )A(Qµ )A(Rµ )A(Sµ
0.91 0.74 0.71 0.75
0.85 0.76 0.64 0.79
0.82 0.62 0.58 0.84
0.79 0.79 0.63 0.63
0.89 0.86 0.72 0.57
0.76 0.65 0.80 0.48
0.81 0.58 0.69 -
0.78 - - -

Null hypothesis :   
)()()()(: 43210 SSSSH AAAA µµµµ ===

Alternative hypothesis : 
)()()()(: 4321 SSSSH AAAAa µµµµ ≠≠≠

Now,

Now, the one-factor ANOVA table  is given below:

Source of Variation

Between 
Samples

Within 
Samples

Sum of
  Squares 0.111 2.021

Degrees of 
Freedom 3 24

Mean square 0370. 0840.
F-value F = 2.27

Now, F T< ,   where T ( = 8.64 ) is  the table value of  F at 5% 
level of significance with (24,3) degrees of freedom. Therefore, 
the null hypothesis 

0H  is accepted. The students  in all the four 
universities  felt comfortable.

3.2. One way ANOVA for  one class  with respect to  many  
fuzzy sets
Consider  a sample of  size N  of a given random variable X  
drawn from a normal population with variance 2σ . Let  S be a 
sample of  X  and  let iA  be a fuzzy set defined on X with MF 

)(xiAµ , i=1,2,…,s.

The main objective is to test the null hypothesis that the factor 
of classification has no effect on the variables with respect to the 
fuzzy sets (or) there is no difference between various classes 
with respect to fuzzy sets (or)  the classes are homogeneous 
with respect to fuzzy sets.

Now , let )( iAµ  be the mean of  the MGs of the fuzzy set iA . The 
testing hypotheses are given below:

Null hypothesis,
)(: 210 sA....)A()A(H µµµ ===  against 

the alternative hypothesis,

equal are  s)' allnot iA A(:H µ

Let )(Sijx  be the MGs of the fuzzy set iA  over the j th   member 
of the  sample S  which contains in values,  )(Six  be the mean 
of the MGs of the fuzzy set iA  over the sample S and )(Sx be the 
general mean  of the MGs of all the fuzzy sets  over  the sample S. 

Let  N i
i

n∑= .

Now, the total variation over the sample S, )(SQ  = 
2))S(x)S(x( ij

ji
−∑∑

          = 2))S(x)S(x( iij
ji

−∑∑  + 

2))S(x)S(x(n ii
i

−∑  

            = )S(Q2 + )S(Q1

where  2
1 ))S(x)S(x(n)S(Q ii

i
−∑=  

is the variation between classes  and
 2

2 ))S(x)S(x()S(Q iij
ji

−∑∑=  

is the variation within classes (or) the residual variation.

tNow, since i th  class is a sample of size in  from the population 
with the variance 2σ , we can conclude that
 

sN
)S(Q)S(M

−
= 2

2

is an unbiased estimator of  2σ  with degrees of freedom sN −   
and  since the entire group is a sample of size N from the popula-
tion with variance 2σ , we can conclude that

1
1

1 −
=

s
)S(Q)S(M  

is an unbiased estimator of  2σ  with degrees of freedom 1−s .

Now, since  sampled population is normal, the estimates )(1 SM  
and )(2 SM  

are independent  and hence the ratio )S(M
)S(M

2

1
 

follows a F-distribution with ),1( sNs −−  

degrees of freedom  (or)  the ratio 
)S(M
)S(M

1

2  

follows a F-distribution with )1,( −− ssN  

degrees of freedom. Choosing the ratio which is greater than 
one.  Then, we employ the test−F for testing the hypotheses. 

The above results are displayed in the form a table , known as 
the one-factor ANOVA table which is given below: 

Source of  variation

Between
Classes

Within
Classes

Sum of
Squares )(1 SQ )(2 SQ

Degrees
of freedom

S-1 N-2

Mean
Square

1
1

1

−
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s
)S(Q
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F-value

)(2
)(1

SM
SMF =  (or)

)(1
)(2

SM
SMF =

The decision rules in F-test  to accept or reject  the null hypoth-
esis and  alternative hypothesis   at α  level of significance are  
given below:

(i) If )(1)(2 SMSM <  and 0)(2
)(1 F

SM
SMF <=  

where 0F  is  the table value of  F for ),1( sNs −−   

degrees of freedom at α  level, the null hypothesis is accepted, 
Otherwise, alternative hypothesis  is accepted. 

(ii) If )(1)(2 SMSM >  and 
0

1

2 F
)S(M
)S(MF <=  

where 0F  is  the table value of  F for )1,( −− ssN  

degrees of freedom at α  level, the null hypothesis is accepted, 
Otherwise, alternative hypothesis  is accepted.

Note : For easy computing the values of )(SQ , )(1 SQ  and 
)(2 SQ , we use the following formulae:

Example 3.2: Let X = { Doctors in a city} be the population .  Let 
us define the fuzzy sets over the crisp set,  A = { Compassionate},  
B = { Contentment}, C = { Dedication} and  

D ={ Forthright}.

Now, we test the hypothesis that the doctors in the city do not 
differ with these four attributes at 5% level of significance. 

Let ),,,,,,,,,( 10987654321 xxxxxxxxxxS =
 
 be 

the sample of size 10 taken randomly. We collect information  
and  obtain  the  MGs  of the sample  concerning   fuzzy sets A, B, 
C and D  as given below:

Doctors Aµ
Bµ Cµ Dµ

I 0.91 0.74 0.72 0.69
II 0.85 0.76 0.78 0.76
III 0.82 0.62 0.65 0.79
IV 0.79 0.79 0.74 0.72
V 0.89 0.72 0.84 0.89
VI 0.76 0.82 0.78 0.91
VII 0.81 0.58 0.64 0.73
VIII 0.78 0.72 0.79 0.85
IX 0.86 0.67 0.69 0.78

X 1.0 0.45 0.82 0.97
Now, the null hypothesis   

)()()()(:0 SSSSH DCBA µµµµ ===

and  the alternative hypothesis 

)()()()(: SDSCSBSAAH µµµµ ≠≠≠

Now, the one factor ANOVA table is given below:

Source of  variation

Between
Classes

Within
Classes

Sum of
Squares 0.24 0.28

Degrees
of freedom 3 36

Mean
Square 0.08 0.0078

F-value F =10.26

Now, since F T> ,   where T ( = 2.84 ) is  the table value of  F at 
5% level of significance with (3,36) degrees of freedom. There-
fore, the null hypothesis 

0H  is  rejected and  AH  is accepted , 
that is, the doctors in the city differ with these four attributes. 

4. Conclusion 
In this paper, we propose  two types of  one way ANOVA tech-
niques for crisp populations  based on  the MF of  fuzzy sets to 
test  the statistical hypotheses  which is completely exceptional 
from the conventional statistics. In the proposed hypotheses 
tests, the differences of significance  between classes with re-
spect to fuzzy set / fuzzy sets  are studied. For taking decision on 
the hypotheses, we provide  the decision rules for accepting or 
rejecting the null and alternative hypotheses.  We can easily ob-
serve that this type of  test of hypothesis is a characteristic or at-
tribute based test on the population. In the proposed tests, fuzzy 
interval,  the degrees of optimism and pessimism,  h-level set  
and −α cut  are not used. In the near future, the proposed tests 
of hypotheses are extended to tests of hypotheses for two fac-
tors ANOVA and random design of experiments. The proposed 
tests of hypotheses tests can help decision makers for handling 
real life problems to test  statistical hypotheses  based on  one 
or more attributes and providing an appropriate decision in a 
satisfaction manner. 
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