ISSN: 1401-5617

Integrally closed monomial ideals
and powers of ideals

Veronica Crispin Quinonez

RESEARCH REPORTS IN MATHEMATICS
NUMBER 7, 2002

DEPARTMENT OF MATHEMATICS
STOCKHOLM UNIVERSITY



Electronic versions of this document are available at
http://www.matematik.su.se/reports/2002/7

Date of publication: September 2, 2002
2000 Mathematics Subject Classification: Primary 13CO05.
Keywords: integrally closed ideals, powers of ideals.

Postal address:

Department of Mathematics
Stockholm University

S-106 91 Stockholm

Sweden

Electronic addresses:
http://www.matematik.su.se
info@matematik.su.se



Integrally closed monomial ideals in dimension
two and powers of ideals

VERONICA CRISPIN (QUINONEZ

Filosofie licentiatavhandling

Avhandlingen kommer att presenteras mandagen den 23 september 2002,
kl. 13.15 i seminarierum 306, hus 6, Matematiska institutionen,
Stockholms universitet, Roslagsvagen 101.



1 Introduction

In the appendix of [4] and in a paper by C. Huneke in [2] one can find two ba-
sic theorems on integrally closed ideals in two-dimensional regular local rings.
Firstly that the product of integrally closed ideals is again integrally closed.
Secondly that every integrally closed ideal factors uniquely into a product of
simple integrally closed ideals. In this thesis we present an approach to the case
of monomial ideals in k[z,y]. In Section 3 we determine all integrally closed
monomial ideals and show that there is a one-to-one correspondence with as-
cending chains of positive rational numbers. Section 4 describes powers of cer-
tain ideals in integral domains, which in the case of two-dimensional polynomial
rings has some connection to integrally closed domains.

2 Background

We begin this section by stating some wellknown properties of integral closure
of an ideal. The reader may consult [1]. In Subsections 2.2 and 2.3 we continue
with the special case of monomial ideals; we have used some ideas from [3].

2.1 Integral closure of ideals

An element x € R is said to be integral over I, if x satisfies an equation
2 rax o tagrt+ag=0 (2.1)

where a; € I7. The integral closure of I, denoted by I, is defined as the set of
all elements in R which are integral over I. Integral closure of an ideal can also
be defined using the well known definition of integral closure of a ring.

Proposition 2.1. Let x € R, I C R and R[It] = R® It ® I*t* @ ... C R[t] be
the Rees ring with respect to I. Then x € I if and only if xt € R[It].

Proof. Let x € I and consider an equation of integral dependence (1.1) of z over
I. Multiplying it by t¢, the resulting equation is

() + (art)(xt) + -+ (ag_1t? V) (2t) + (aqt?) = 0, (2.2)

where (a;t/) € I’t) C R[It]. That is, 2t € R[] is integral over R[It].

On the other hand, if xt € R[It], then zt satisfies an equation (xt)¢ +
ri(xt)? 1 + - + rg_q1(xt) + 74 = 0 where r; € R[It]. Now R[t] is graded in
the usual way and R[It] is a graded subring of it, so the equation of integral
dependence of xt can be split into its homogeneous parts. Taking the part
of degree d we get a homogeneous equation that looks like the one in (1.2).
Cancelling t% we get = € I. O

Corollary 2.2. Let I € R, then the integral closure I is an ideal. Moreover, I
has the same radical as I.



Proof. Let x,y € I and r € R. Multiplying (1.1) with r? we have (rz)? +
(a1r)(rz)®=1 + -+ + (ag—1r* 1) (ar) + (agr?) = 0, an equation of integral de-
pendence of rz over I. Thus rx € I. Since the set R[It] forms a subring of R[t]
we also have 2,y € [ < at,yt € R[It] = ot +yt = (x+y)t € R[It] & x+y € I.
This makes I to an ideal.

The inclusion rad I C rad I follows from I C I. Next, let = € rad I, then
x! € I for some positive integer [, say (z!)+ay(2))¥ 1+ -+ aqg_1(z!) +aqg = 0.
Clearly, z'¢ € I and hence x € rad I. Thus, rad I = rad I. O

Saying that J is integral over I means simply that each element belonging
to J is integral over 1.

Corollary 2.3. Let I, J, K C R be ideals such that J is integral over I and
K s integral over J. Then K 1is integral over I.

Proof. If J is integral over I, then Jt C R[Jt] is integral over R[It]. The ring R
is obviously integral over R[It]. Thus, the ring R[Jt], which is generated by R
and Jt, is integral over R[It]. It follows also that the ring R[Kt] is integral over
R[Jt], and therefore integral over R[It]. That is, K is integral over I. O

2.2 Integral closure of monomial ideals

Throughout the paper it will be tacitly understood that I = (m;) C k[X] =
k[x1,...,2,] means an ideal generated by monomials, a monomial ideal.

Definition 2.4. A power product in k[X] is an element X® = ' --- 2%, All
the power products in a polynomial ring form a basis for it over k. Thus, every
polynomial p € k[X] can be written as p = > ¢; X* where all the X are
different; if ¢; # 0 then we say that ¢; X? is a monomial in p (or that X2 is a
power product in p).

Remark 2.5. Any monomial ideal I in k[X], where k is a field, is of course an
ideal generated by power products. Let now p be a polynomial belonging to
a monomial ideal (X1 ... X?) then p = r1X? + .- 4 ry X%, where each
r; € k[X]. It is easy to see that every power product in p is a monomial
multiplied by some X?®. Thus, every monomial in p must belong to I.

We continue with a lemma necessary for showing one basic property of in-
tegral closure of monomial ideals.

Lemma 2.6. Let R = k[X], I C R an ideal and mq,...,mq, where ¢ > 2, a
set of different power products such that

mit € I (mg, ma, ..., mg)"™
ms? € I2772(my, ma, ..., mg)"

(2.3)
mg? € I[°17" (ma1,ma,...,mg—1)"



for some integers 0 < r; < s4, s; > 0. Then méi €Ik for 1 <i < q and for
some l; > 0.

Proof. We use induction on ¢q. Let ¢ = 2. After raising mj to the power s, and

using the condition on m3?* we get:

mi152 e I(S1*?“1)Szm72”152 C 1(51*7“1)52 (152*7“2 <m1>T2)T1 — [s152— T2 <m71“17“2>

S§182—T1T2 §$18S2—T1T2
my el .

Doing the same for ms shows that the lemma is valid for ¢ = 2.
Let ¢ > 3. Consider the first and last relation in (2.3). By “factoring out”
the necessary monomial respectively they can be written as

, ’
s1 s1—1 rL—"r 1
mit € IV T (mg, ma, ... mg—1)" T imgt,
S Sq—T T _T/ T;
my? € I*97 " (mg,m3, ..., mg—1)" "em,".

. 818 . . . . S
Then we consider m]' ¢ and rewrite it using the relation for mg*:

(mil)sq c Islsqfrlqurrisqfrirq <m2’ e mq_1>rlsqfriqurr;qurir;mTirq-
Hence, for some integers 0 < Ry < 51 < 5184, where S; > 0, we have mfl S
51 <m2, e ,mq,1>R1 .

Repeating the procedure for each pair m; and mgy, where 2 < i < ¢ —1 we
eliminate m, from the relations for my,...,my—1 and the induction hypothesis
yields the result for these monomials. The choice of m, to be eliminated from
the relations is arbitrary, which finishes the proof. O

Proposition 2.7. Let R = k[X] and I C R be a monomial ideal. Then the
integral closure I is also a monomial ideal.
In fact, I = (m | m! € I' for some [ > 0).

Proof. Let m € I, ie. m® +am® '+ - +ag_1m+aq =0, aj € I7. Then

m® = nyma=! for some 1 < [ < d and a monomial n; € I’ (cf. Remark 2.5).
Thus, m! € I'. -
Next, let p = my + --- +mg € I, where ¢ > 2 and my,...,mq are the

monomials in some p. Let

(ml+...+mq)d+a1(m1_|_..._|_mq)d—1+...+ad_1(m1+...+mq)+ad:
(2.4)

be an equation of integral dependence for p. From (2.4) we see that m{ =
n I, mb =mi - nllin mi where d > t; and where n is either a monomial
belonging to I42% or n € k. Thus m‘f_tl = n]_[#l mfl In the same way
we obtain similar relations for mg,...,mq. The conditions for mq,...,my in



Lemm@ 2.6 are then fulﬁl}ed and we have that mﬁ
m; € I. This proves that I is monomial.
We have at the same time proved the inclusion C in the second part of our

proposition. The other inclusion is clear and we are done. o

i ¢ I' for some l;, whence

2.3 Graphical representation

A monomial ideal [ in n variables can be visualized graphically, by representing
the set of exponents of power products in I as lattice points in R™. Such a
representation will be essential for all the results we are going to present.

Definition 2.8. Let X? = 7' ---z%" be a power product in R = k[X], then
we set log X = a. Given a monomial ideal I we define the semigroup ideal

log I = {logm | m € I, m a power product}.

In this language Proposition 2.7 says that log I = {a € N" | al € log (I')
for some | > 0}. Further we get to a nice description of the integral closure,
stated below. Notice that we do not need to use generators of I neither in the
proposition nor in the proof.

First we recall the definition of a convex hull of a set S, which is conv(S) =
{)\1&1+- . -+)\qaq|ai S S}, where all \; € Rzo and Z;‘Z:O N=1 TIfall \; € QZO
then the convex hull is called rational and is denoted by convg.

Proposition 2.9. Let I C k[X] be a monomial ideal. Then the integral closure
I is generated by monomials whose exponents are lattice points in the rational
convez hull of log I. That is,

log I = convg(log I) N N"™.

Proof. Let a € convg(logl)NN™. Then a = Y 7 | A\;a;, where all a; € logl, \; €
Q>0 and 2321 A; = 1. Since there is an integer [ > 0 such that [\; € N for
all 4, we obtain (X?)! = (X2 Xai)l — (X21)M ... (X2) A ¢ [ Thus X? € I,
that is, a € log I.

On the other hand, for any b € log I there is an integer [ such that bl =
by + -+ + b; where every b; (not necessarily different) belongs to log I (cf.

Proposition 2.7). Thus, b = 22:1 1b; and it follows that b € convg(log I). O

3 Integrally closed monomial ideals in two vari-
ables

In this section we will determine all integrally closed monomial ideals in the
ring k[x, y] using the graphical interpretation described previously. We will also
show how they can be factorized into simple ones.

It follows directly from Proposition 2.9 that principal monomial ideals are
integrally closed.



Lemma 3.1. Let J C k[z,y] be a non-principal monomial ideal and assume
that J = mlI where m is a power product and I is a monomial ideal. Then J is
integrally closed if and only if I is integrally closed.

Proof. It is clear that convg(log I) = log(m) + convg(log J) which gives the
result. O

We recall that a monomial ideal I C k[z,y] is (x,y)-primary if and only if
there are positive integers A and B such that 24 and y” belong to I. If mI = J
is a non-principal monomial ideal and where m is the greatest common divisor
for the generators of J, then I is (z,y)-primary. Thus, we can limit our subject
of interest to (z,y)-primary monomial ideals when we study integrally closed
monomial ideals in k[z, y].

3.1 Necessary conditions for integral closedness

We can always write an ideal as [ = (yPo,... z4iyBi . z44) where A; <
Ait1 and B; > B;11. These generators form a minimal generating set for I.
Henceforth it will be understood that the (z,y)-primary monomial ideals we are
considering are always written in such a way.

The semigroup ideal log I is then {(0, Bo), ..., (4;, B;),. .., (A4,0)}+N? and
can be graphically interpreted as the lattice points on and above the staircase
depicted below. A pair of consecutive generators x4 yB: and zA+1yBi+1 will
make a step having breadth A;y1 — A; and height B; — B;11.

Y

Bog———

(Ai, Bi)

Ay z

We know that the lattice points in conv({(A;, B;){_,}) generate I. In or-
der to find some necessary condition on a monomial ideal to be integrally
closed we look at the convex hull of two consecutive exponents, conv({(4;, B;),
(Ait1, Biv1)} + N?), particularly this area contains the triangle with vertices
(A;, Bi), (Ait1,Bi) and (A;41, Biy1). In an integrally closed ideal there must
not be any lattice points in this triangle. It is obvious that this is the case if
and only if either A;41 — A; = 1 or B; — B;11 = 1. Thus, in an integrally
closed monomial ideal every generator (except for the last one) is followed by a



generator that has either a power of x which is increased by one or a power of
y which is decreased by one.

Assume that the condition above is fulfilled for each pair of consecutive
generators. Assume further that A;11 — A; > 2 and B; — Bj;1 > 2 for some
1 < j, where ¢ is the greatest index and j is the smallest index such that the
situation occurs.

Bj +1[

Ai Ajpr T

The diagonal line in the figure begins at the point (4,11 —2, B;) and ends at
(Ajt1,B; —2). Clearly, the lattice points in the area above and to the right of
the line belong to the integral closure, particularly the point (A;41 —1,B; —1).
Thus, the corresponding power product x4+t ~1yBi=1 will always appear in I,
which means that under these conditions the ideal cannot be integrally closed.

We have shown that in an integrally closed ideal we have always the following
situation: if the power of z increases by at least two somewhere among the
generators, then the power of y must decrease only by one among the following
generators. (If some step has breadth at least two, then the following steps
must have height one only.) Thus, a necessary condition for a monomial ideal
to be integrally closed is that the generating set consists of two parts, where the
powers of x increase by one in the first part and the powers of y decrease by one
in the second part. We formulate our reasoning algebraically in a proposition.

Proposition 3.2. Let I C k[z,y] be an integrally closed {(x,y)-primary mono-
mial ideal. Then this ideal can be written as

I = <yS+BU, N i s+B; r s ’errAj

r+Ag
L'y N VA T )

s5=J
Yy,

where B; > Biy1 and A; < Ajy1, or as
I= <y5 <zini>’£:()7 z" <:rAj ’ ys_j>;:O> )
where in addition B, =0 = Ajp.

Actually, ideals of the form described above can be factorized in a very
convenient way. Notice that not all such ideals are integrally closed. Hence, the
factorization proposition that follows is valid more generally and not only for
integrally closed ideals.



Proposition 3.3. Let I = (z'yPi)o<;<, where B; > B;11 and B, = 0, and
J = (zAjys’j>0§j§S where A; < Ajp1 and Ag = 0. Then IJ = y*1 4+ 2" J.

Moreover, the product 1J is integrally closed if and only if I and J are both
integrally closed.

Graphically the ideal I is a staircase where each step has breadth one, while
all the steps in J have height one. The statement of the proposition is that the
product of I and J is the staircase I followed by J.

Y
S-i—BQJ
1J
S
s
1 J
r A, r A, @

Proof. The part y°I +x"J C IJ is clear.

Next we will show that any power product z*+4iyBi+s=J that generates I.J,
must belong to either y°I or z".J.

In case i + j < r we have the following inequalities (easily derived from the
conditions on A; and B;):

Aj = A e >i+]
Bi—j =2Biy; | Bits—j =s+Biy;

That is, i+ AiyBits=7 ¢ y*I.
On the other hand, if 7 + 7 > r then we have:

Aj — (T’ — Z) > Aj—(r—i) or: i+ Aj >r—+ Ai+j,7~
B; >r—i " Bi+s—j3 =2s—(i+j—r)
Thus, z'tAiyBits—i ¢ g7 J.
Finally, the second statement of the proposition follows clearly from the
figure. O



According to Proposition 3.3 it will be enough to consider monomial ideals,
in which the powers of y decrease by one, in order to determine monomial ideals
that are integrally closed.

3.2 Simple integrally closed monomial ideals and factor-
ization

Let A, > r be positive integers and let [ = (y", x4y~ .. g1y z47) =

(J:Aiyr_i>0§i9, Ap = 0, be a monomial ideal. We start looking at such ideals in
which all the points in logI lie on or above the line from (0, ) to (A,,0). Such an
ideal is integrally closed if and only if the set of all integer points on and above

this line is equal to log I. We illustrate by an example where I = (y°,..., z14).
Yy
6
\I\ ]
\\
)\\ ]
\ |
I

14 x

Hence, I = (y, 235, 25y*, 273, 2102 2'2y, 214). Note that the staircase
corresponding to I consists of two smaller identical staircases I; = (y3, 23y?, 2%y, 27)
and [ = Ilc;CD (14.5) " Ag we will see further on that is not a coincidence.

In general, the values A; are easily obtained from A; = [i4=2], where [z]
means the least integer that is greater or equal to z. Moreover, if GCD(A, B) = d
then there are d — 1 points in log I that will appear on the convex line (besides
the two end points). Those points divide the staircase corresponding to I into d
identical staircases. To classify integrally closed monomial ideals it is sufficient
to examine the ideals where A, and r are relatively prime. It is obvious that
there is only one integrally closed monomial ideal, corresponding to a given
rational number %, determined in such a way. Those ideals are all special cases
of a greater class of monomial ideals that are simple, i.e. cannot be written as
a product of two proper monomial ideals.

Proposition 3.4. Let I = (x4y" "o<i<, C k[z,y] where A; > i% for 1 <
1 <r—1. Then I is simple as a monomial ideal.

Proof. Assume that I is a product of two monomial ideals I; and I3, then

L=y, . .,2%and I, = (y" %, ... 2~ where 1 <i <r — 1.



Since the power product z%y"~* € I we must have a > A;. The condition
on A; gives in turn

A, —1
Ay —a <Ay — Ay < Ay —iZ2 = A, (520, (3.1)
r r
On the other hand, as z~~%y* € I then
A, —1
Ay—a> A > (r—i) 2 = A (L), (3.2)
r r

Since (3.1) and (3.2) contradict each other, the assumption was wrong. [

Definition 3.5. Let a and b be a positive integers, such that GCD (a,b) = 1.
Then there is unique simple integrally closed monomial ideal in k[z, y] possessing
2% and ¢ in its minimal generating set. This ideal is called an (a, b)-block or a
block ideal. Moreover, the ideal is the least integrally closed ideal in this class.

In the case when a > b the steps in the staircase corresponding to an (a, b)-
block have all height one. If a < b then the steps have breadth one.

Proposition 3.6. Let I be a (a,b)-block and J a (c,d)-block. Assume further

that & < 5. Then IJ = yoI + a°J.

The meaning of the proposition is that the product of two block ideals, will
look like the ideal corresponding to the least rational number followed by the
other ideal. Note further that I.J is the least integrally closed monomial ideal
containing y®*¢, 2%y? and xt¢. We are going to prove the case when % and
< are both greater than one. For two rational numbers both less than one the
proof is similar. The case with a rational number less than one and another

greater than one is a special case of Proposition 3.3.

Example 3.7. Let I = (3, 2%y?, 2%y, 25) be a (5,3)-block and J = (y°, z3y*,
20y3, 28y2, 210, 2'2) a (12,5)-block. Then IJ = (y8 22y7, x%yC 255, 28y*,
21043 213y2 315y 217) = 45T 4 45].

J

1J
5 —\—\
3 i
I
5 12 17 P

10



Proof. First we rewrite the proposition in a way that will simplify our reasoning.
Let I = (zy" " ")o<i<, where A; = H%], and J = (2% y*I)o<j<s where
C; = [j%] Moreover, let % < % Then our claim is that I.J = y*I 4+ x4 J.

Clearly y*I + z4rJ € 1J.

The ideal IJ is generated by power products on the form
LAHCy rs—i—j _ ghtCoyr=imiys i<,
Y - .’L'AT i xAri-Cj—ATyT'FS—l—] if ¢ +_7 > .
We will use the following inequalities: [z1]+ [22] > [21+22] > [21] + [21] — 1,
and that [z1 +22] = [21] + [21] — 1 when 27 + 29 are integers but z1, 23 are not.
In the first case we have

A, Ay LA
A+ Gy 2 At Ay = i1+ 720 2 [+ )20 = Awyy,

so that x4 tCiyr—i—J = gmgAitiyr=(+7) ¢ T for some m > 0.
In the second case

Cs L Cs
AiJrC'j*ArZAi*ArﬁL[(T*i)?]+[(2+]*7")?1*12

> 20 [ = )20 = 1= A4 [+ = 1)) = Gy

whence A TCi—Aryrts—i=j — gngCiri—rys=(+i=1) ¢ J for some n > 0.
In any case aditCiyrts=i=i ¢ ysT 4 g4 J. O

We use the last proposition to state the main result of this thesis. By assign-
ing to a (ag, br)-block a rational number ‘;—: we get a one-to-one correspondence
between ascending chains of positive rational numbers and integrally closed
monomial ideals in two variables.

Theorem 3.8. Let (Iy)i1<k<n C k[z,y] be a sequence of (ax,by)-blocks such

that %5 < Z:Ll . Then the product is an integrally closed ideal

H I = Z (5522721 ak’yzg’:kJrl bk/) 1. (33)
= k=1

k=1

Conversely, any integrally closed monomial ideal can be written uniquely as
a product of block ideals.

Proof. We use induction on n. The statement is valid for n = 2 according to
Proposition 3.6. Assume that the statement is true for some n > 2. Then

n+1 n n
H I, = (H Ik) N - <Z xZZ,;ll ak/yZZ/:k+1 by Ik) Tpy1 =
k=1 k=1 k=1

11



n
k—1 n
E k=1 ak/yzk/:kﬂ by (yb"“fk + % n+1) =
k=1

n n—1
k—1 n+1 k 3
E zEk,ZI A/ yzk/:k+1 bk’]k + E zzkle 5% yZZ/:kH bk/In+1 + zZZle ak/InJrl =
k=1 k=1

n+1 . n—1

c—1 n k n
z :(zzk,zl ak/yzk/:kH by.s )Ik 4 E kale a‘k’yzk’:kJrl bk/[nJrl_
k=1 k=1

What is left to prove is that the second part in the last row is contained in
the first part, which is (3.3) for n 4 1. For each 1 < k < n — 1 we can rewrite a
term in the second part as follows:

k n
ka/:1 ak’ka’:k+1 by.r (ybn+1’ . xan+1> = (3 4)
k n+1 k n :
<$Ek’:1 ak/yzk’:k+1 by - ’x(Eklzl ar)+ant1 yEk/:Hl bys >7

and compare it with the term corresponding to k + 1 in the right hand side in
(3.3)

k n+1
:Czk’zl ar ka/:HQ by <ybk+1 xak+1> —
RN (3 5)
k n+1 k+1 n+1 .
<$Ek/:1 ak’yzk’:k+1 bk"7 e, T2k =1 O Pk =kt 2 b >

The graphical comparison is depicted below.

Y

n+1 b an+1
k'=k+1 YK’ ]

br+1 Tt ~——

Qp41

ZZ/:1 g r

We see that (3.4) is fully contained in (3.5) and possibly the following terms.
This proves the first part of the theorem.

Let I = (y°,...,2%) be an integrally closed monomial ideal. Let (a1,b—b1) €
log I be the point such that there are no other points belonging to log I below
or on the line between (0,b) and (a;,b — b1). Then for k > 1 let (a1 + --- +

ak+1,0— by — -+ —bry1) € log I be the point that satisfies the same condition
but for the line between (a1 +---+ag,b—by —---—bg) and (a1 +-- -+ agy1,b—
b1 — -+ — bg41). Determined in such a way and since I is integrally closed, we

12



must have GCD (ay, by) = 1. The corresponding (ag, by )-blocks are unique and
their product, as described in the first part of the theorem, must be equal to
1. O

Example 3.9. Consider the integrally closed ideal I = (y'!, 2y 22y°, 23y7,
2By, 25y5, a8y, %3, 21392, 1Ty, 220).

The points constructed in the way described in the second part of the poof of
our theorem are: (0,11), (3,7), (6,5), (9,3) and (20,0). Thus I = I [oI31, where

Il = <y4,$y3,z2y2,$3>, 12 = <y2,1'2y,l’3> = 13 and 14 = <y351‘4y27$8y5‘r11>'

4 Powers of ideals

In the last chapter we could see that the [th power of an integrally closed
monomial ideal looks like the staircase, corresponding to the ideal, repeated [
times. In a way this result can be extended to certain kinds of ideals in an
integral domain. There are two different cases.

4.1 Dividing generators I

Let R be an integral domain and F(R) its field of fractions. Considering «, 5 €
F(R) we say that « divides 8, « | 8, if there is p € R such that «-p = (.

Proposition 4.1. Let R be an integral domain and I = (ro,...,rq) an ideal in
R, where ro € R and r; = ri—10; = ro(ay1 -+ - o) with a; € F(R) and a;—1|ay

13



for 1 <i < q. Then for any nonnegative integer | we have

1 1 -1 -1
I'=(ry ,ryg T1,...,10T
! -1 -1
Tl ,7’1 7’2,...,7"17’2 ,
(4.1)
-1 -1 0\ _
Tqe1sTg1Tqs -1 Tq—1Tq +Tq) =

!
q
(ri 'l 0<i<g—Tland0<t<1).

Proof. We get immediately that (rl-_tr;?+1> C I

1
To show the other inclusion we need the following remark.
Remark 4.2. Pick some r; and r; with ¢ < @', then the product r;7 = (ri41/iy1):
ri—10 = Tip17—1(y /aq1). Since a1 | ap we have ripq17i -1 | riri. In the
language of ideals this means (r;ry) C (riy17—-1).

We know that I' is generated by the elements ré” e T,lf, where Z?:o l; =1.
Then, if Iy < [,, the ideal I' lies in the ideal in which one of the generators

. lg—1+lo lg—1 lo—lq i+l ly—1+l
is replaced by the element ri* % ... rqq_llJr Org ™ (or by rl "l e -rqq_llJr e
if lp > ly). Repeating the procedure of replacements for this generator we can

eventually “replace” it by ! or ri=trt 1 for some i and ¢. Doing the same for all

the other generators, we see that I' C (7/~"rf_;). This finishes the proof. [

2

Remark 4.3. It is easily seen that I' itself satisfies the conditions on I in the
proposition.

We apply the conditions in the proposition on R = k[z,y] and I an (x,y)-
primary monomial ideal. Let I = (mo,...,mq) where mo = y® is the power
product with highest y-exponent, while a;; = ZT where a; < a;41, b; > b;y1 and

7 b = b. Then we can rewrite mo = y?1 T +ba m,; = gartFaigbivit+b,
for1<i<qg—1and my = x@ T These ideals can be factorized in a very
simple way.

Proposition 4.4. Let R = k[z,y] and I = (my,...,mq) be a monomial ideal

where m;’s satisfy the conditions on generators in Proposition 4.1. Further,

we may assume that mo = y® and oy = ?TZ where a; < a;+1, by > bi11 and
¢, b; =b. Then

I= H(m“i,ybi>. (4.2)

Proof. Obviously mg, mq and m; = g@ - FaigbiritFba ¢ T[T (i yb:),

Conversely, the right hand side of (4.2) is generated by elements of the
following type, z®1t+airybiit+bis where r + s = ¢, which are divisible by
the element x® - +arybriit+ba helonging to I, and we are done. O
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We continue with how powers of I look like. Considering I as a staircase and
going down-wards, its steps are increasing in breadth and decreasing in height.
The Ith power makes a staircase where the first step in I is repeated [ times
followed by the second repeated [ times and so on.

4.2 Dividing generators II.

We state a proposition similar to Proposition 4.1 but for another kind of ideals.

Proposition 4.5. Let R be an integral domain and I = (so,...,sq) be an ideal
in R, where so € R and s; = s;—10; = so(B1 -+ Bi) with B; € F(R) and B; | Bi—1
for 1 < i< q. Then for any nonnegative integer | we have

1yl -1 -1
I' = (s, 80 ST 4.8 Sqg—1
-1 1-2 -
So " Sqy Sy S1Sqs---18g Sq—1S¢
(4.3)
-1 -1 -1 1
505, 5515, yeey8q—18q 5 8q) =

:(Sloftsisf]_l;O§i§qand1§t§l>.

Proof. Clearly, <séﬁtsisf;1> c I
For proving the other inclusion, we notice at first that for any s; and s, with
1 < i <i# < q—1 we have that the product s;s; = (si—10;) - (Sir+1/Bi+1) =
Si_18i1+1(ﬁi/ﬁi/+1). This means <8i8i/> - <Si_18i/+1>, since ﬁi’-{-l |ﬁz’ |ﬁz Fur-
ther, for any generator in I' we can therefore applly the following procedure: as
lo lj 3’

-1 . l .
long as Y ¢_l; > 2 in a generator s e8] esi s, We can replace it by

15



l;—1 ljr—1

l . .
the element sg - - - Sj—18; +Sj  Sji41---5q. Repeating the procedure until

Zf:_ll I; <1, we see that I' C (slo_tsisfz’1>. O

When R = k[x,y] and I monomial, we see that, in accordance with the case
described in Subsection 4.1, we may express the ideal as I = (my, ..., mq) where
mo = y® and §; = % with a; > a;4+1 and b; < b;41. Its steps are decreasing
in breadth and increasing in height. The Ith power is the whole staircase I
repeated [ times.

L

12

e

From the figure we see directly that I' does not generally fulfill the conditions
on I. Furthermore, a monomial ideal of such type cannot be written as a product
of two monomial ideals. We state that fact in a proposition.

Proposition 4.6. Let [ = (yP1++ba ot taigbivitotbe o partetae)
klx,y] where a; > a;11 and b; < b1 with strict inequality occures at least once.
Then I is simple as monomial ideal.

a;

Qi1

biJrl

x
Proof. Assume that strict inequality occurs for some index among exponents of

Y.
If I is a product of two monomial ideals J; and Ja, then
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J1:<yb/,...,x“/>, where b’ +b" =by + -+ + b, and

_ /b a’ / "o
Jo=(y" ,...,x >, where a’ + a =a1+ - +ag

For each b’ < b1+ - - -+b, that we may choose, there exists some 1 < i < g—1
such that bjp1 + -+ by < b < b;+---+ by (we do not let 0 <’ < b, since it
would automatically give a” > a1 + - -+ + a4, in order to have x“//yb/ € I, and
a’ < 0 therefore). This condition implies on one hand that by + -+ + b;—1 <
b” < by +---+ b;, on the other hand that a” > a; + --- + a; in order to have
:ca//y " € I which implies in turn that o’ < aj41 + - + aq.

Let us now consider the power product x“/yb” € Ji1Js. We have b’ <
bi+---+b; <by_ijy1+---+ by, since we assumed strict inequality somewhere,
and hencea’ > ay+---+ (g—i+1 SO that x“/yb” € I. Together with the previous
condition on a’ that we got, we have

a1+ -4 agiy1 <a < a4+ oag,

which is a contradiction because the number of terms on the left is greater than
on the right and a; > a;41. Thus, the assumption that I could be a product of

two monomial ideals was false. O
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